ON THE PURE VIRTUAL BRAID GROUP PV3 



V. G.BARDAKOV, R. MIKHAILOV, V. V. VERSHININ, AND J. WU 

Abstract. In this article, we investigate various properties of the 
pure virtual braid group PV3 . From its canonical presentation, we 
obtain a free product decomposition of PV3. As a consequence, we 
show that PV3 is residually torsion free nilpotent, which implies 
that the set of finite type invariants in the sense of Goussarov- 
Polyak-Viro is complete for virtual pure braids with three strands. 
Moreover we prove that the presentation of PV3 is aspherical. Fi- 
nally we determine the cohomology ring and the associated graded 
Lie algebra of PV3. 



1. Introduction 

Virtual knots were introduced by L. Kauffman [T3] and studied by 
many authors. One of the motivations hes in the theory of Gauss 
diagrams and Gauss codes of knots [H] , [19] . Namely, for any knot di- 
agram it is possible to construct its Gauss diagram and form its Gauss 
code. The problem is that not every Gauss diagram (or Gauss code) 
corresponds to some knot. To escape this difficulty virtual knots were 
introduced. Strictly virtual knots are those whose Gauss diagram is not 
a Gauss diagram of any classical knot. Many notions from the classi- 
cal knot theory are generalized to virtual knots, such as fundamental 
group, rack, quandle, Kauffman and Jones polynomials. M. Goussarov, 
M. Polyak and O. Viro [9] proved that the analogues of the upper and 
the lower presentations of the classical fundamental group of a knot 
give two different groups for virtual knot. Theorem of M. Goussarov, 
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M. Polyak and O. Viro ^ says that two virtually equivalent classical 
knots are classically equivalent. This theorem means that inclusion of 
usual knots in the universe of virtual knots does not spoil the classi- 
cal theory. On the other hand virtual knots are appeared to be useful: 
combinatorial formulas for Vassiliev invariants were obtained by means 
of virtual knot theory. 

Virtual braid groups VBn were introduced in [H] and [21]. Seichi 
Kamada pL2j proved that any virtual link can be described as the clo- 
sure of a virtual braid, which is unique up to certain basic moves. This 
is analogous to the Alexander and Markov theorems for classical braids 
and links. So, the same way as in classical case virtual braids can be 
used in the study of virtual links. 

In the virtual braid group two types of crossings are allowed: 1) as 
usual braids, or 2) as an intersection of lines on the plane. This group 
is given by the following set of generators: {Q, ai, i = 1,2, ...,n — 1} 
and relations: 

= 1 

CiCj = CjCu if \i- j\ > 1, 

The symmetric group relations 

aiaj = cTjai, if \i — j\ > 1, 

The braid group relations 
aiCj = Cj(^i, if K - j| > 1, 

The mixed relations 
The generator corresponds to the canonical generator of the braid 
group -Br„. The generators Q correspond to the intersection of lines. 

As for the classical braid groups there exists the canonical epimor- 
phism to the symmetric group VBn S„ with the kernel called the 
pure virtual braid group PVn- So we have a short exact sequence 

l^PVn-^ VBn ^ S„ -> 1. 

Define the following elements in PVn 

= Pi C^^^ = Pi Pi = Pi-. « = 1 , 2, . . . , 77. - 1 , 

^ij ~ Pi-1 Pi-2 • • • Pi+1 Pt+1 • • • Pj-2 Pj-1; 

Aji = pj_i pj_2 . . . Pi+1 Ai+i,i pi+i . . . pj_2 Pj-1, l<i<j-l<n-l. 
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These elements belong to VPn- It is shown in [2] that the group 
P^n > 3) admits a presentation with the generators Xij, 1 < ^ 7^ 
j < n, and the following relations: 

(1-1) AjjAfci = XkiXij 

(1.2) XkiXkjKj = XijXkjXki, 

where distinct letters stand for distinct indices. 

Like the usual pure braid groups, groups PVn admit a semi-direct 
product decompositions [2]: for n > 2, the n-th virtual pure braid 
group can be decomposed as 

where V*_i is a free subgroup of PVn-i- 

As it happens in Mathematics the virtual braid groups appeared 
in another context under the other name "n-th quasitriangular group 
QTr„ " in the work of L. Bartholdi, B. Enriquez, P. Etingof and E. 
Rain [5j as groups associated to the Yang-Baxter equations. Really 
consider the equation (1.2) for A; = 1, i = 2, j = 3, we get the quantum 
Yang-Baxter equation 

A12A13A23 = A23A13A12. 

Also the authors of introduce quadratic Lie algebras qtr„ and map them 
onto the associated graded algebras of the Malcev Lie algebras of the 
groups QTr„. Among the other results of [5|, the complete descrip- 
tion of integral homology groups of PVn is given: the homology group 
Hr{PVn,1^) is free abelian of rank equal to ("7'*') (the number of 
unordered partitions of n in r ordered parts). 

2. Residually Nilpotence of PV3 
The group PV3 admits the following presentation: 

(2.1) (A12, A21, Ai3, A31, A23, A32 I Ai2Ai3A23A;^2^^13^^23^ — ^ 

A2iA23Ai3A2/A23^A]^3^ = 1, Ai3Ai2A32A]^3^ A]^2^A32^ = 1, 
A3lA32Ai2A3/A32^A]^2^ = 1, A23A21 A3iA23^ A2/A3j^'^ = 1, 

A32A3iA2iA32^A3/A2/ = 1)- 

Recall that 

(2.2) PV3 = V* X 

where Vi = (A12, A21) is a free 2-generated group and V2 is the normal 
closure of group V2 = (A 13, A23, A31, A32) in PV3. The group V2 is a free 
of rank 4. 
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Proposition 2.1. There exists a group G3, such that there is the fol- 
lowing free product decomposition: PV3 = G3 * Z. 

Proof. We can represent generators Xij as virtual braids (see [2]) and 
use the operations of doubling of string we construct new generators of 
P V3 from generators of Vi . 
We have 

^1 = A13A23, bi = A13A12, 
&2 = A21A31, a2 = A32A31, 
and it is easy to check that 

PV3 = (ai, 02, bi, 62, Ai3, A31). 
We can write the old generators as words in new generators: 
A12 = ^isbi, A21 = &2A3/, A23 = A^3^ai, A32 = a2A3/. 

The relations from the presentation (11.21) of PV3 in new generators have 
the following form 

aibi = biai, bi'' = bl''^'\ 
U2 — , Ui — , 

a2 = (32 ) ^2^2 = 0202, 

where = x~^yx. 

If we define ci = A13A31, C2 = A13, then 

PV3 = {ai,a2,bi,b2,Ci,C2 \ [ai,&i] = [02,^2] = 1, 

bf = bT, = a\\ bf = bl^'\ al^ = a^, 

where [x, y] as usual denotes the commutator of the elements x and 
y: [x,y] = x~^y~^xy. Hence PV3 = G3 * {02), where the group G3 
can be presented as having generators ai, 02, 61, 62, Ci and the following 
relations 



(2.3) [ai, 61] = [02,62] = 1 



(2.4) bT = bT, aT = a\\ b^^ = bl^'\ a^^ = a\^^^ 

and G3 = Q3 X (ci), where Q3 is a subgroup of with the set of 
generators ai, 61, 02, 62 and with infinite set of relations 



(2.5) [aiMf^ =1, ^ = 1,2, A; e Z, 

rewritten in generators 01,61,02,62 using relations (12. 4p . □ 
The main result of this section is the following: 
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Theorem 2.2. The pure virtual braid group PV3 is residually torsion 
free nilpotent. 

Before proof of this theorem let us make a short deviation and ob- 
serve that the semi-direct product decomposition (12.21) of PV3 does not 
imply the residual nilpotence of PV3 immediately. 

2.1. Remarks of Non-residually Nilpotent Groups. Let Gi and 

G2 be residually nilpotent groups and let G = Gi X G2 be a semi-direct 
product of these groups. The following question naturally arises: when 
G is residually nilpotent? As was proved in [lOj if G2 acts trivially on 
the abelianization of Gi then the answer is positive. 

We consider the case when Gi and G2 are free. Let (^2 = ^ be an 
infinite cyclic group. Then the group G is called the mapping torus and 
have received a great deal of attention in recent years. 

Let G^ = FnX^pZ, where is a homomorphism (p : Z ^ Aut(Fn)- In 
the case n = 1 it is easy to prove that G^ is residually nilpotent. In this 
case Aut(Fi) contains only two automorphisms: trivial and inversion: 
tf{a) = a~^, where Fi = (a). In the first case G^ = Fi x Z = is 
abelian and hence is residually nilpotent. In the second case it easy 
calculate that 

= 72G^ = {a^" \keZ} 

and if m > 2 then 

ImG^ = {a'''^"^ \keZ}. 

Hence 

f]liG^ = h 

i=l 

and G^ is residually nilpotent. 

If G^p = F2 Z then the following example shows that there exists 
an automorphism ip for which our group is not residually nilpotent. 
Example (see [IB], Example 1.32). Let G = F2X (t), where F2 = (a, b) 
and t is the following automorphism of F2: 

^ f a — > b, 
b — > a b. 

From the relation 

= ab 

we have 

[t-\b-^] =a. 

From the relation 

tat~^ = a^b 
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we have 

Hence in this example 

oo 
i=l 

and the group G is not residually nilpotent. 

We can generahze this example. Let us consider now the following 
group 

= X (t), n > 2, 

where conjugation by t induces the automorphism ip G Aut(F„). Let 
A = [(f] be the abelianization of i. e. AG GL„(Z) ^ Aut(Fn/F^) is 
induced by (f. Let E be the identity matrix from GL„(Z). 

Proposition 2.3. // the matrix A- E e GL„(Z), then f]°l^ li{G^) = 
Fn and G^ is not residually nilpotent. 

Proof. Let 

f 

where aij G Z, Cj G F^. Then [ip] = (ajj)"^-^;^ = A. Since ip G Aut(F„) 
then A G GL„(Z). Consider the commutator 

[x,,^]=xi\xir = xT' ...xt"-' ...x'^"4, c^Gi^:, 2 = 1,2,..., n. 
Hence we have the following system 

i/j ^ ' ' ' n — '^1 5 

"21 "22-1 a2n — rl„ 

Jb-^ Jb<2 . . . ''byi 

™"nl ^"n2 ^"nn — 1 — ^ 

•^1 -^2 ■ ■ ■ n 

where di = [xi,ip]{c'^^^ G G'^. Since A — E & GL„(Z) then from this 
system we have that all Xj lie in the commutator subgroup G'^ but 
G'^ < Fn Hence G'^ = Fn- Similarly we can to prove that •jiG^ = F„ 
for all z > 1. □ 

2.2. Proof of Theorem 12.21 Let Fn be a free group of rank n > 
2 with a free generator set {xi,X2, ■■■,Xn} and Aut{Fn) the group of 
automorphisms of Consider the subgroup of Aut{Fn), generated 
by automorphisms of the form 

^ . / Xi I >■ Xj XiXj if z ^ J, 
' \ xi I — y xi if / 7^ i. 



Xi — 
X2 — 


, ™aii 
—y Xi 

—y Xi 


^"12 

™"22 
^2 


^"In ^ 

• C2, 


Xn 


, ™"nl 

Xi 


™"n2 

■^2 
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and denote this subgroup by C6„. This is the group basis conjugating 
automorphisms of a free group. It is torsion-free nilpotent [T] and also 
has topological interpretations. It is the pure group of motions of n 
unlinked circles in [H [11]. On the other hand it is also the pure 
braid-permutation group [6] . This group is denoted Pl^n in [HJ and in 
[6] . McCool gave the following presentation for it ^17j : 

(2.6) {Sij, I <i ^ ] <n \ EijEki = SkiSij, 

^ij^kj ^ kj^ij J ^ij^ kj^ik ^ik^ij^kj) 

where distinct letters stand for distinct indexes. 
There exist a homomorphism 

if : PV3 — > Cbs, (fiXij) = eij, l<i^ j <3. 

We will denote the images of elements Oj, 6j, q, by a^, Pi, 7^, i = 1,2, 
respectively. 

In C63 hold the set of defining relations from PV3 and relations 

£^13^23 = ^23^13) £^12^^32 = £^32£^12j £^2l£^31 = £^31^21- 

Since 

£13 = 72, £31 = 72~Si, £12 = 72^(31, 
£21 = P2lT^l2, £23 = l2^ai, £32 = a27rS2, 
this set of defining relations has the form 

ai = 72'^"i72, 72'^A"27rS2 = a27r^/3i, (32 = 72" Si /52 71"^ 72- 
Rewrite this set as follows: 

«f = ai, (/3ia27r')^^ = a27r'/5i, {liP2l{'y' = P2. 

We have 
Lemma 2.4. 

C63= (^3,72 I 72"'^72 = 5, ip) 

is an HNN-extension with associated subgroups 

A = {ai,pia2'Ji^,'yiP2li^), B = {ai,a2'Ji^Pi, P2), 
and the isomorphism ip : A — > B is defined by the rule 

{Oil — ^ «!, 
f3ia2li^ — ^ a27rVi, 
lll32ll^ — > 132- 

Subgroup G3 is isomorphic to subgroup from PV3. 
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Proof. We have to prove that A B. Find the sets of generators of B 
and A in old generators of C63. We have 

B = {613623, £32^^12, 621631) 

and we see that 613623 is an automorphism of F3 which is the conjuga- 
tion by X3, 632612 is an automorphism of F3 which is the conjugation 
by X2, £^21^^31 is an automorphism of F3 which is the conjugation by xi. 
Hence 

B = (fi, £2, £3) ~ F3, 

where y is an inner automorphism of -F3 which is conjugation by y. 
Similar, 

A = {£2, £3, X3XiX^^) ~ F3, 

and A ~ 5. □ 

The group G3 is residually torsion free nilpotent as a subgroup of 
residually torsion free nilpotent group C63. Recall the following result 
of Malcev from [16]: the free product of residually torsion-free nilpotent 
groups is residually torsion-free nilpotent. Hence, Proposition 12.11 and 
the fact that G3 is residually torsion free nilpotent imply the statement 
of Theorem [221 □ 

2.3. Remark on finite type invariants. Recall the notion of finite 
type invariants for virtual braids (see ^). Let A be an abelian group 
and n > 2. Consider a set map v : VBn — >■ A, i.e. an A-valued invariant 
of virtual n-braids. Let J be the two-sided ideal in the integral group 
ring Z[VBn] generated by elements {ai — pi, a^^ — pi | i = 1, . . . , n — 1}. 
The filtration of the group ring 

Z[y5„] D J D J2 D . . . 

is called Goussarov-Polyak-Viro filtration. We say that an invariant 
V : VBn — > y4 is of degree d if its linear extension Z[^i?„] A vanishes 
on J'^^^. As usual the augmentation ideal is defined by the formula 
A(PK) = Ker{Z[PK] ^ Z}. The Goussarov-Polyak-Viro filtration 
for VBn corresponds to the filtration by powers of augmentation ideal 
of the group ring Z[PV^] : 

Z[PK] D A D D . . . . 

Theorem 12.21 implies that the intersection of augmentation powers of 
the group ring Z[PV3] is zero. Hence, we have the following: 

Proposition 2.5. The set of invariants of finite degree is complete for 
virtual pure braids on three strands. □ 
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3. Relations among relations 

3.1. Presentation of PV3. 

Theorem 3.1. The presentation ^2. ij) is aspherical. 

Proof. Consider tlie standard 2-complex K constructed for tlie presen- 
tation fl2.1l) . We have the following exact sequence of abelian groups, 
called also Hopf exact sequence: 

(3.1) ^ H,{PV,) ^ ■K2{K)pv, ^ H2{K) ^ H^iPVs) ^ 

One can obtain this sequence by applying the homology functor H^^PVs, — ) 
to the chain complex C^{K) of the universal covering space K of K. 

It is easy to prove that H2{PVs) = Z®®. For that we can either use 
the result from [5], where all homology of virtual pure braid groups 
are described, or consider the semidirect product decomposition (12.21) 
and observe that H2{PV3) = HiiVi, ifi(V2*)). Since PV3 is a semidirect 
product of two free groups, its third homology is zero. Now observe that 
H2{K) is a free abelian group of a rank less or equal to six, since there 
are only six 2-dimensional cells in the 2-complex K. Hence, the map 
H2{K) — > H2{PV3) is an isomorphism and therefore, t:2{K)pv.j, = 0. 
Let a G TT2{K)- Since 7i'2{K)py^ — 0, for every ?^ > 1, the element 01 
can be presented finite sum 

(3.2) a = Y,i^-g\)...il-gl,)a, 

i 

for some elements gj G PV3. Here (1 — g)P = [3 — g o [3, g E PV3, [3 G 
iT2{K) and the action of PV3 = 7^i{K) on Ti2{K) is standard. Consider 
the monomorphism of Z[PV3]-modules: 

/ : 7r2(ir) = H2{k) ^ C2{k) = Z[PV:,f\ 

where C2{K) is the second term of the chain complex C^{K). The 
coordinates of the monomorphism / are elements of ^[PV^ which lie 
in the intersection of powers of augmentation ideal ^{PV^) due to the 
existence of the presentation (13.21) for every n > 1. However, for a 
residually torsion-free nilpotent group, the intersection of powers of 
augmentation ideals is zero hence a = by Theorem 12.21 Hence, 
the presentation (12.11) is aspherical. □ 

3.2. Presentation of PVn, n > A. For n > 1, as we mentioned in 
introduction, the groups PVn admit the following presentation 

(3.3) (Aij, I < i ^ i < n \ [Xij,Xki] = 1, hAkjKjXkiKj^ij^ = 1) 
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Figure 1. Truncated octahedron and relation among 
relations from (13.31) 



where distinct letters stand for distinct indices. The classifying spaces 
of groups PVn are constructed in [5j as natural quotients of unions of 
permutohedra. 

Recall that, by a result of Deligne [7] and Salvetti [20], the classifying 
space of a braid group on n strands can be constructed as a quotient 
of the n-th permutohedron. In [15j, the interpretation for this con- 
struction is given in terms of homotopical syzygies for presentations of 
braid groups. It is shown in [15] that the relations among relations in 
usual presentation of braid groups can be viewed as labellings of the 
permutohedron P4, or truncated octahedron. Here we do the same for 
the groups PVn, n > 4. The relations from (13. 3p are of length four and 
six. The labelling of the truncated octahedron presented in the Figure 
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1 gives the needed relation. In the Figure 1, the labehng ij of an arrow 
means that the generator Xij corresponds to this arrow. 

Now one can follow the ideology of the paper [15] and find the in- 
terpretation of the construction of the classifying space for PVn from 
^ in the same way as the result of Deligne [7\ and Salvetti [20] is in- 
terpreted in [15]. It is clear that the higher permutohedra appear in 
the construction of higher homotopical syzygies for the presentations 



4. COHOMOLOGY RiNG OF PV3 

4.1. A Representation of the Ring H*{G3). Let Xi = T{ai,bi} 
be the torus T labeled by {ai,bi}. Let {xi,X2} be the standard basis 
for 7ri(Xi) = vri(T). According to the defining relation [ai,6i] = 1 in 
G3, there is a map 

such that in the fundamental groups 

(4.1) 0i*(a;i) = ai and 0i*(x2) = 61. 

Similarly, from the defining relation [02,62] = 1 in G3, there is a torus 
X2 = T{a2, 62} with a map 

02 '■ X2 — > BG3 

such that in the fundamental groups 

02*(a;3) = 0-2 and 02*(a;4) = 62, 

where {xs,X4} is the standard basis for 7ri(A2). Consider the defining 
relation 

bf = 6f 
<^=^ [61, Ci] = [61,02] 
<^=^ [61, ci] [02, 61] = 1 

in G3. Let A3 = 5'2{6i, Ci; 02, 61} be the closed oriented surface of genus 
2 labeled by {61, ci; 02, 61} with standard generators {yn, ;zii, 1/12, -212} of 
its fundamental group 7ri(A3) and defining relation [yn, ^n] [1/12, -212] = 
1. Then there is map 

03 : -^3 — ^ BG3 
such that in the fundamental groups 

4>3*{yu) = h, 03*(^ll) = Cl, 03*(l/l2) = 02 and 03*(^12) = bi. 
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Similar constructions apply to the remaining three defining relations 
in equation (12.41) . So we have the spaces 

X4 = 5'2{ai,ci; b2,ai}, 

(4.2) X5 = S2{b2, Ci, 0162, ^2} and 

Xq = S'2{a2,ci; 6102,02} 

with the maps (pi: Xi BG^, i = 4,5,6, such that in fundamental 
groups sends the standard basis {?/(i--2)i, -2(i-2)i, l/(i-2)2, -^(1-2)2} into 
the corresponding words in the labeling bracket for Xj, where the stan- 
dard defining relation in 7ii{Xi) is [y{i-2)i, Z{i-2)i][y{i-2)2, 2(1-2)2] = 1- 
For instance, 05*(l/3i) = o-ih- 

6 

Let X = V and let 

i=l 

(4.3) (j): X — >BGs 

be the map such that (f)\xi = (pi for 1 < i < 6. The abelianization 
G3 Gf' = Z®^ induces a map 

(4.4) ip : BG3 — > BZ®^ = T^. 

Lemma 4.1. The following properties hold: 

1) The algebra map 

(p*: H*{BG3) — > H*{X) 
is a monomorphism. Moreover 

(jf: H\BG3) — > H\X) 

is an isomorphism of abelian groups. 

2) The algebra map 

iP*: H*{T^) — > H*{BG3) 
is an epimorphism. 
Proof. Let 9 = %p o cp: X ^ T^ . We first prove that 

r : H'^iT^) — > H\X) 
is onto. Observe that Hi{X) is the free abelian group with a basis 

{xi, yn, Zii, yi2, Zi2 \ I <i <4:} 
and Hi{T^) = HilBGs) is the free abelian group with a basis 

{ai,bi,a2,b2,ci}, 
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where we use the same notation for the induced generators in the first 
homology group from the fundamental group. Prom the construction 
of the map 0, the linear transformation 

9,: H,{X)^H,{T') 

is given by the following formula: 
(4.5) 



9^{xi) = ai, 9^{x2) 


= h, 


9*{X3) 


= a2, 


9*{X4) 


= 62: 


9*{yii) = bi, 9^{zn) 


= Ci, 


0*iyi2) 


= a2, 


9„{Zi2) 


= fel: 


0*{y2i) = «!, 9^{z2i) 


= Ci, 


0*{y22) 


= b2, 


9*{Z22) 


= Oi 


9*{y3i) = 62, 9^{z3i) 


= Ci, 


0*{y32) 


= ai + &2, 


9*{Z32) 


= 62: 


0*{y4i) = 02, 6** (^41) 


= Ci, 


0*{y42) 


= bi + a2, 


9*{Z42) 


= 02 


Consider the dual basis 













K,y*i,4,y*2,4 I l<i<4} 

for H\X) and 

{al,bl,al,bl,cl} 

for H^(T^). The hnear transformation 9*: H^{T^) H^{X) is given 
by the formula 

9*{al) = + ?/2i + ^22 + ?/l2, 

9*{bl) = xl + yl^ + zl^ + yl^, 

(4.6) 9*{al) = 4 + 2/1*2 + 1/4*1 + 1/4*2 + ^4*2, 

9*{bl) = + t/2*2 + 2/3*1 + 1/3*2 + ^3*2 > 

r(ci) = ^1*1 + ^2*1+^1+ ^4*1- 

Prom the algebra structure on H*{X), we have 
(4.7) 

9*{a\bl) = x\xl, 9*{albl) = x^xl, 9*{a\c\) = y^.z^,, 

9*{blc\) = yl^zl,, 9*{alcl) = 9\blc\) = yl^zl,. 

Since 

{^1^2' •^3-^4' 1/21^21' l/ll^ll' VaI^AIi 1/31^31} 

forms a basis for H'^[X), the linear map 

9*: H^{T^) H^{X) 

is onto. 

Now since 9* — (p* o ip*, the linear map 

(f)*: H^BGs) — > H\X) 
is onto and so it is an isomorphism because 
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and H'^{X) = Z®^. This proves assertion 1 because clearly 

0*: H\BG3) H\X) 

is a monomorphism. Assertion 2 also follows because H^{BGz) = for 
i>2. □ 

4.2. The Cohomology Ring iJ*(G'3). From formulas (jli6D and (j!]?]) , 

we have 

— 2/22^22 + ^322/32 

— 1/21^21 ~" y 31^31 

= e*{alcl) -e*{b*2cl) 
and so we have the relation 

(4.8) a*c* + alb*2 + clb^ = 

in H*{BG^). Similarly, by computing ^*(a2&*), we have 

(4.9) hlcl + hlal + c^a^ = 

in H*{BG^). From formula (14.61) . we have 

e*{h%h\) = {xl + yl^ + yl^+yl^ + zl^){xl + yl^ + zl^ + yl^) 
= 0. 

Similarly, 0*(a2a*) = and so we have the relations 

(4.10) alal = hlhl = 
in H*{BG3). 

Theorem 4.2. The cohomology ring H*{G3) is the quotient algebra of 
the exterior algebra 

E{al,bl,a;,b;,cl) 

subject to the four defining relations given in formulas ( [^.g| ), ( [^.g| ) 
and ^-lOj )- 

Proof. Let A be the quotient algebra of H*{T^) = £'(«*, 6];, 637 cj) 
subject to the four defining relations given in formulas (14. Sp . (14.91) 
and dUni). Then 

A' ^ H'iBGs) 

for i < 2. It suffices to check that A^ = 0. From formula (I4.10p . we 
have 

a^a2bi = aia2b2 = a^agCi = 0^0201 = Oi02'^2 = "i"2'^i = U- 
Prom formulas (14.80 and (14.101) . we have 

aj^Cj^O]^ = aiCib2 = 0. 
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From formulas ( l49l) and (14. 101) . we have ci2C]^6]^ = and 

alcib; ^ (bici - bia;)b; ^ o. 

Thus = and hence the resuh. □ 

4.3. The Cohomology Ring H*{PV3). From the decomposition of 
PV3 in Proposition 12.11 there is a group isomorphism 

S: G3* (ca) = Gs*Z — >PV3 

with 

6{ai) = A13A23, S{bi) = A13A12, 
6{a2) = A32A31, 5(62) = A21A31, 
S{ci) = A13A31, 6(02) = A13. 

Thus 

6,: H,{G:,*Z)^H,{PV^) 
is the hnear transformation given by 

5*(ai) = Ai3 + A23, = Ai3 + A12, 

(4.11) 5*(a2) = A32 + A31, 5*(&2) = A21 + A31, 

5=^(ci) = Ai3 + A31, 5*(C2) = Ai3 

and so its dual 5* : H^{PV^) H^{G^ * Z) is given by the formula 

5*(Ay = al + b\ + cl + cl, 
= al + bl + c\, 

^ ^ = b*„ 

It follows that (5*)-^ : H\Gi * Z) ^ H^PV^) is given by 



(4.13) 



in 




= -^23 5 


in 


-\bi) 


= -^125 


in 




= -^32 5 


in 


-\bi) 


= -^215 


in 




= -^31 ■ 


in 




= (Ks 



\ * \ * 

^32 ^21 5 



■^31) + (-^32 ~ -^23) + (-^21 ^ -^12) 

In the cohomology ring H*{G2, * Z) = H*{BG^ V 5*^), we have 

CgO; = 

for any a G H^^Gs * Z). Thus we have relations 

(4.14) (AI3 - x;,)x*^ ^ {XI, - x;,)x*^ + {x;, - x;,)x*^ 

in H*{PV3) for 1 < z 7^ j < 3. From formula fl4.10p . we have 

(4.15) A23A32 = A^2'^2i = 
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in H*{PV3). Together with formulas (14. 8p and f l4.9p . we have 
(4.16) 



\* \* _ \* \* I \* \* 

^21^31 — ^21^^32 "T ^23^31' 



^21^^32 — '^12'^31 "T '^31'^32 
in H*{PV3). 

Theorem 4.3. The cohomology ring H*{PV3) is the quotient algebra 
of the exterior algebra 

-^1^125 ^215 ^13' ^31' ^23' ^32J 

subject to the following relations 

1) A*,A*, = /or 1 < z < J < 3, 

2) {K3-Ki)K, = (Al2-A^i)A*, + (A^3-AyA^/or 1 <^ ^ J < 3 
and 

<JJ ^21^31 = ^21^32 + ^23^31- 

Proof. According to the above computations, the defining relations for 
H*{PV3) are given by the formulas (I4l4ll . (l415ll and (I4l6|) . The as- 
sertion follows from the fact by adding two equations in formula (14.161) 
together with using formula (I4.14p . formula (I4.16P can be placed by 

^21^31 = ^21^32 + ^23^31' 

A13A31 = 0- 

□ 

Note. In the cohomology ring H*{G3 * Z), the element creates five 
relations 

"'1C2 = O12C2 = O1C2 = O2C2 = C1C2 = u 

among the defining relations for H*{G3 * Z). Thus the six equations in 
condition 2 are linearly dependent. 

5. The Associated Graded Lie Algebra for PV3 
Let G be a group and let 

00 

^(G') = 07.(G)/7m(G') 

i=l 

be the associated graded Lie algebra of G. Consider the short exact 
sequence 

(ai, 61, a2, 62) ^ ^ Z = (ci). 

Since Ci acts trivially on (ai, &i, 02, &2)^'^5 there is a short exact sequence 
of Lie algebras 

L{{ai,bua2,b2)) ^ L{G-s) ^ L{{ci)) 
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by [lOj. Let Ai, A2, Bi, B2,Ci be the elements in the Lie algebra in- 
duced by Oi, 61, 02, 5 Ci, respectively. Observe that L((ai, 61, 02, 62)) = 
L(Z^ * 7?) is the quotient of the free Lie algebra 

L{A,,B,,A2,B2) 

by the relations 

^^•^^ [A2,B2] = 0. 



From the defining relations of G^, we have the following identities: 
(5.2) 



[Ci,A,] = [B2,A,] 
[Ci,B2] = [AuB2] 
[C^,A2] = [B,,A2] 



Theorem 5.1. The Lie algebra ^(PVs) is the quotient of the free 
Lie algebra L{Ai, Bi, A2, B2, Ci, C2) subject to the relations defined by 
f lU\) and 

Proof. From the decomposition PV3 = 6*3* (02), it suffices to show that 
L{Gz) is the quotient of L{Ai, Bi, A2, B2, Ci) subject to the relations 
defined bv f lO) and ( K^ . 

Let L be the quotient of the free Lie algebra L{Ai, Bi, A2, B2,Ci) 
subject to the relations defined by ( 15.11) and ( I5.2p . Then the morphism 
of Lie algebras 

LiA,,B,,A2,B2,C,)^LiGs) 
factors through L. Thus is an epimorphism of Lie algebras 

(f): L^ L{G3). 

Let L' be the sub Lie algebra of L generated by Ai, Bi, A2, B2. Then 
L' is a Lie ideal of L by the defining relations of L with a short exact 
sequence of Lie algebras 

L' ^ L^ L{Gi). 

The assertion follows by applying 5-Lemma to the following commuta- 
tive diagram 

L' ^ L L{Gi) 

i i II 

L((ai, 61, 02,62)) ^ L{G,) ^ L((ci)). 

□ 



18 v. g.bardakov, r. mikhailov, v. v. vershinin, and j. wu 

References 

[1] S. Andreadakis, On the automorphisms of free groups and free nilpotent 
groups, Proc. London Math. Soc, Ser 3, 1965, 15, 239-268. 

[2] V. Bardakov, The virtual and universal braids, Fund. Math., 181(2004), 
1-18. 

[3] V. G. Bardakov, Extending representations of braid groups to the auto- 
morphism groups of free groups, J. Knot Theory and Its Ramifications, 
14, No 8 (2005), 1087-1098. 

[4] V. Bardakov and P. Bellingeri: Combinatorial properties of virtual braids. 
Topology Appl. 156 (2009), 1071-1082. 

[5] L. Bartholdi, B. Enriquez, P. Etingof and E. Rains: Groups and Lie alge- 
bras corresponding to the Yang-Baxter equations, J. Algebra 305 (2006), 
no. 2, 742-764. 

[6] F. R. Cohen; J. Pakianatlian; V. V. Vershinin; J. Wu: Basis-conjugating 
automorphisms of a free group and associated Lie algebras. Iwase, Norio 
(cd.) ot al., Proc. of the conference on groups, homotopy and configuration 
spaces, Univ. of Tokyo, July, 2005. Coventry: Geometry and Topology 
Monographs 13, 147-168 (2008). 

[7] P. Dclignc: Lcs immeubles des groupes de tresses generalises, Inv. Math. 
17 (1970), 273-302. 

[8] D. L. Goldsmith, The theory of motion groups, Michigan Math. J. 28 
(1981), 3-17. 

[9] Goussarov, Mikhail; Polyak, Michael; Viro, Olcg, Finite-type invariants of 
classical and virtual knots. Topology 39 (2000), no. 5, 1045-1068. 

[10] M. Falk and R. Randell, The lower central series of a fiber type arrange- 
ment Invent. Math., 82 (1985), 77-88. 

[11] C. Jensen, J. McCammond, and J. Meier, The integral cohomology of the 
group of loops, Geom. Topol. 10 (2006), 759-784. 

[12] Kamada, Seiichi, Braid presentation of virtual knots and welded knots. 
Osaka J. Math. 44 (2007), no. 2, 441-458. 

[13] B. Hartley: Powers of augmentation ideal in group rings of infinite nilpo- 
tent groups, J. London Math. Soc. 25 (1982), 43-61. 

[14] L. Kauffman, Virtual knot theory Eur. J. Comb., 20(1999), 663 690. 

[15] J.-L. Loday: Homotopical syzygies, Cont. Math. 265 (2000), 99-127 

[16] A. L Malcev, Generalized nilpotent algebras and their associated groups. 
Mat. Sbornik N.S., 25(1949), 347-366. 

[17] J. McCool: On basis-conjugating automorphisms of free groups, Canadian 
J. Math., vol. 38,12(1986), 1525-1529. 

[18] R. Mikhailov and I. B. S. Passi, Lower Central and Dimension Series of 
Groups, Lecture Notes in Mathematics, 1952, Springer- Verlag Berlin Hei- 
delberg, 2009. 

[19] Polyak, Michael; Viro, Olcg, Gauss diagram formulas for Vassiliev invari- 
ants. Internat. Math. Res. Notices (11) 1994, 445-453. 

[20] M. Salvetti: Topology of the complement of real hyperplanes in C''^, Inv. 
Math. 88 (1987), 603-618. 

[21] V. V. Vershinin, On homology of virtual braids and Burau representation. 
Knots in Hellas '98, Vol. 3. J. Knot Theory Ramifications 10 (2001), no. 
5, 795-812. 



ON THE PURE VIRTUAL BRAID GROUP PV3 



19 



SoBOLEv Institute of Mathematics, Novosibirsk 630090, Russia 
E-mail address: bardakov@math.nsc.ru 

Steklov Mathematical Institute, Gubkina 8, 119991 Moscow, Russia 
E-mail address: rmikhailov@mail.ru 

Departement des Sciences Mathematiques, Universite Montpellier 
II, Place Eugene Bataillon, 34095 Montpellier cedex 5, France 
E-mail address: vershini@math.univ-montp2.fr 

Sobolev Institute of Mathematics, Novosibirsk 630090, Russia 
E-mail address: versh@math.nsc.ru 

Department of Mathematics, National University of Singapore, 2 
Science Drive 2 Singapore 117542 
E-m,ail address: matwuj @nus . edu . sg 
URL: www . math . nus . edu . sg/~matwuj ie 



